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Abstract 

We claim that if by a choice of the couplings the theory can be made con- 
formally invariant (vanishing of the beta functions) it is automatically finite 
and vice versa. This is demonstrated by explicit example in supersymmetric 
gauge theory. The formalism is then applied to the beta deformed TV = 4 
SYM theory and it is shown that the requirement of conformal invariance = 
finiteness can be achieved for any complex parameter of deformations. 



1 Introduction 

The J\f = 4 supersymmetric Yang-Mills theory (SYM) attracts much attention these 
days providing the playground to test nonperturbative features of quantum field 
theory. This is related to the property of conformal invariance which is unique for 
four dimensional field theories [1]. Another remarkable feature of the TV = 4 SYM 
theory is that via the AdS/CFT correspondence [2] it is related to a supergravity 
theory and one can get deeper understanding of duality between these two theories. 
Combined information may lead to new insight in gauge theories beyond the usual 
PT. 

Note that the above mentioned AdS / CFT correspondence requires from the field 
theory to be conformally invariant and not necessarily obtaining the full A/" = 4 
supersymmetry. From this point of view it would be interesting to consider the 
other conformally invariant theories and to find the corresponding supergravity back- 
grounds. Of special interest is a marginally deformed A^ = 4 theory analyzed in [3] 
for which the supergravity dual description has been found in |1] . This the so-called 
/3 deformation of the original A/" = 4 SYM theory has been studied in [5], [6] with the 
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aim to get the conditions for its finiteness and conformal invariance. The authors 
performed a thorough analysis of the UV divergences in the framework of dimen- 
sional regularization (reduction) and found out that one can reach the desired goal 
if the deformation parameter j3 is real. They also claim that the requirements of 
finiteness and conformal invariance are not simultaneously satisfied and if one re- 
quires only conformal invariance to be valid then the complex values of j3 are also 
allowed [6]. This problem has been also considered in [7] where it was shown that 
conformal invariance understood as vanishing of the beta function holds in all orders 
of PT for any complex value of the deformation parameter provided one properly 
adjusts the couphngs. 

The aim of this paper is to show that the above mentioned mismatch between 
conformal invariance and finiteness is a result of mistreatment of dimensional regu- 
larization (reduction). If applied properly, one can reach both conformal invariance 
and finiteness simultaneously, thus allowing for the complex (3 deformations. More- 
over, one can construct the whole family of conformally invariant and finite M = 1 
SYM theories, however, their dual description is not known so far. 

2 The General Formalism 

The problem of finiteness in SYM theories has been studied long time ago [8] and 
the formalism has been developed that allows one to treat the theory within the 
dimensional regularization (reduction). For completeness we briefly summarize it 
below. 

Let us consider an A/" = 1 SYM theory formulated in terms of A/" = 1 superfields 
with an arbitrary cubic superpotential containing some set of Yukawa couplings 
{t/}. We assume that a theory is gauge invariant and for simplicity consider the 
background gauge. Then from the non-renormalization theorems |T0] one gets that 
in the chiral sector only the propagators are divergent and have to be renormalized 
while the vertices are finite. As for the gauge sector, in background gauge the 
renormalization of the vertex coincides with that of the gauge propagator, so one 
can also consider the gauge propagator only jTT| . 

At the one loop order to get the gauge propagator finite one has to make the 
proper choice of the matter superfields. The following requirement is to be satis- 
fied [12]: 

Y.nR)=^C,{G), (1) 

R 

where T{R) is the Dynkin index of a given representation R and C2{G) is the 
quadratic Casimir operator of the group. 

Provided the requirement ([1]) is satisfied the only divergence one should take care 
of is the one of the chiral field propagator. This is a consequence of the following 
theorem |13j : 
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Theorem: If A/" = 1 supersymmetric gauge theory is finite in L loops, the gauge 
propagator is finite L + 1 loops. 

The same statement follows also from the explicit expression for the gauge beta 
function written in terms of the anomalous dimensions of the chiral fields in some 
particular scheme 



2 E - 3C(G) - E r(fl)7 W 



Thus, if the anomalous dimensions of the chiral fields vanish, so does the gauge 
and Yukawa beta functions and the theory is conformally invariant. In some other 
gauges (for instance in components) one can have non-vanishing anomalous dimen- 
sions of some fields or vertices, but the beta functions still vanish. This situation 
is also attributed to conformal invariance since only the gauge invariant quanti- 
ties make sense. In what follows we will assume the simplest possibility when all 
anomalous dimensions vanish and will call this situation conformal invariance. 

Now the question is: how to reach this goal, i.e. how to get conformal invariance? 
And the related one: is the theory finite (that is all divergences cancel) in this case? 
We show below how it may be done in the framework of dimensional regularization 
(reduction) and give a positive answer to the second question. First, we analyse 
both problems (conformal invariance and finiteness) separately and then show that 
this is the same. 

To study conformal invariance or vanishing of the anomalous dimensions one 
has first to apply some regularization and some renormalization scheme. In general 
the anomalous dimensions are scheme dependent but if they vanish, they vanish in 
any scheme. We adopt dimensional regularization or more precisely dimensional re- 
duction [15] since dimensional regularization does not support supersymmetry. We 
ignore the problem of inconsistency of dimensional reduction in higher orders |16] 



assuming that it is adjusted by finite corrections. We adopt also the MS renormal- 
ization scheme. Then the chiral field renormalization constant has the form 

= 1 + E ^^^^7!^, cli\{y},9) = f:cU{y},9), (3) 

n=l k=n 

where the coefficient functions Cl^{{y},g) are the homogeneous polynomials in 
and g of the order of /c0 The anomalous dimensions 7^ depend on renormalized 
couplings {y} and g and are given by the single pole terms 

^^{{y},g) = Y.kCU{y},g). (4) 



^Hereafter for the shorthand notation we use g = g^/Wn^, jji = yf /16tt 
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In the lowest orders one has 



7,({y}, g) = Bl^Vj + B\^g + B^^^y^yu + E ^2i%^7 + ^20^?' + (5) 

where -B* are some numbers. 

The vanishing of anomalous dimensions can be achieved by choosing the Yukawa 
couplings in the form of perturbation series over g [8] 

(0) I (0) 2 I (0) 3 I (a\ 

where the coefficients a^^} are calculated order by order in PT solving the system 
of linear algebraic equations. To guarantee the existence of solution the one-loop 
matrix B\j has to be non-degenerate. This has to be explicitly checked in one loop. 
Then the procedure works in all orders. 

This is not enough, however, to cancel all the pole terms in Z factors ([3]). At the 
same time finiteness of Z would mean the finiteness of a theory. Indeed, to cancel 
the pole terms one has to write down eq.Q for e 7^ which means that one has a 
double series [5] 

y^ = ^K^+aWe + ag^e^ + ... + arV-^ + arV-i + a£)£" + . 
+ 9' {c^ + c^e + o^e^ + ... + c^-'^e-'^ + a^^e-^ + ...) 



+ /K) + a«. + a(?.^ + ... + arV- + -) 



+ 



+ 9''-'{a^X + c^i!l2^^ + ^ 

+ ^?"K2i. + •••)• (7) 

In a given order of PT equal n one needs all terms of the double expansion with 
a total power of g ■ e equal n. The existing freedom of choice of the coefficients 
a^™''' is enough to get simultaneously the vanishing of the anomalous dimensions 
(read conformal invariance) and the pole terms in Z factors (read finiteness) . The 
coefficients from a^^ to ctg"^ calculated in n-th order of PT are related. One can not 
put either of them to zero in an arbitrary way. 

Notice, however, that if the renormalization constants Zi are finite, there is 
no need to any renormalization at all. One can proceed with the unrenormalized 
expressions. To show this we again consider the chiral propagators. Consider the 
bare chiral propagator prior to any renormalization given by perturbative expansion 
(D-algebra had already been performed) 

DiB{{yB},9B,p'^,s) = (8) 

= i + tr^( '-^^^^^ + + ... + ^ii^^ + diivB^gB) + ..] . 
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The finiteness now means that all d\{yBi Qb)-, n > vanish. It is possible 
to achieve this goal without any preliminary renormalization in terms of the bare 
couplings. The bare couplings, contrary to the renormalized ones, do not depend 
on the renormalization scheme but on regularization. In case of a finite theory they 
are finite and related to the renormalized ones by finite renormalization which is 
scheme dependent. 

The coefficient functions d\{iiB,gB) are also the homogeneous polynomials over 
Ub and qb and to achieve the vanishing of them one can choose the bare Yukawa 
couplings in the form of one fold e expansion with positive powers of e [9] 

/ (0) , (1) , (2) 2 , \ rc\\ 

ViB = 9B{aoi + a'Qi'e + a'oi'e +...). (9) 

The coefficients ttg"^ like a^i above are calculated order by order of PT again solv- 
ing the system of linear algebraic equations. In one loop this system of equations 
coincides with the one for determining the coefficients with modified r.h.s. and 
is solvable if the one loop matrix Blj is not-degenerate. This requirement again 
guarantees the solution in all orders. Notice that the vanishing of the simple pole 
automatically leads to the vanishing of the higher order poles. This is the conse- 
quence of local renormalizability of quantum field theory. 

One can see that the problem of finiteness is easier to address in terms of the 
bare quantities. Eq.dH]) contrary to ([7]) is linear with respect to qb and is easier to 
implement. But both the ways lead to the same statement: if the theory is finite it 
is conformally invariant and vice versa. 

3 Example 

To demonstrate how the above mentioned statements are explicitly realized in the 
framework of dimensional regularization (reduction) we consider a toy example 
which imitates the situation in beta deformed A/" = 4 SYM theory. 

Let us assume that we have a supersymmetric gauge theory with only one Yukawa 
coupling y corresponding to a triple interaction. Consider the propagator of a chiral 
superfield calculated up to three loops {D algebra had already been performed) 

DBip'^,9B,hB) = 
+ 

where the coefficient functions dij = dij{gB,yB) depend on the bare couplings and 
are the homogeneous polynomials of the order i. 



1 + (— + dio + di^ie)-^ 

^C^SS _|_ d^2 _|_ ^ 



, /"22 , "21 , , N 1 



e 



,2^3£ 



+ ..., 



(10) 
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The renormalization constant which makes the propagator finite in the MS 
scheme is 

C.^ A Cnn Cn^ Coo Con Coa '^2.1^ 



where the coefficients Cij = Cij{g,y) depend on the renormahzed couphngs and are 
also the homogeneous polynomials of the order i. This expression allows one to 
define the anomalous dimension 7 



'y{g, y) = Cn + 2c2i + Scgi + ... 
and the Yukawa beta function 

The bare coupling ys and the renormahzed one are related by 

Vb = Z/^2~^ 

where is given by (ITTl) . Similarly for the gauge coupling one has 

gn = gZg, 

where we define 



e 



e 



and the gauge beta function is 

Pgig,y) = an + 2a2i + ... 



(12) 

(13) 

(14) 

(15) 
(16) 

(17) 



For our purposes we will need it up to two loops. 

Not all of these coefficients are independent. By pole equations [17] the coeffi- 
cients of the higher order poles in Z factors can be expressed in terms of the single 
pole ones as 



^22 
C22 
C33 
C32 



dciii ddii 

aiiflii + aiig— h 3cuy—— 

dg dy 

dcu dcu 

CiiCii + aiig— h Sciiy—— 

dg dy 

dC22 „ dC22 

C11C22 + aiig—r h 3cii?/' 



dg 



dy 



dc2i dcn dc2i dcu 

C11C21 + 2c2icii + aiig— h 20215--^ h 3cii?/— h 6c2iy—r- 

dg dg dy dy 
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Moreover, from the requirement that 



^2 ^Db{p^, Qb, Ub) = finite when e 0, (19) 

where for gs and i/b one has to substitute expansions (I14fl5p . one finds the relations 
between the coefficients dij and c^. They are 

du = -cii, (20) 

d22 = C22, 

ddiQ ddiQ 

021 = -C21 - ciidio - ails'-} <3Cii?/— — , 

dg dy 

d33 = — C33, 

, _ ^ ^ ^ ^'^21 o '^'^21 ddiQ 

"32 — ~C32 — Ciia2i ~ "11C21 — "10C22 ~ O'liQ—, -JCiiy— 5 Cuaug— — , 

dg dy dg 

ddiQ ddiQ ddiQ dd]^\ dd\-i 

-Gcuciiy— 0225'-} 3c22y-} a2ig— 3c2iy——, 

dy dg dy dg dy 

dd2o „ dd2o ddi^i 

"31 = -C31 - ciid2o - aioC2i - ai_iC22 - ems'—} ocuy— cuaug— — , 

dg dy dg 

ddi—i dd\Q ddiQ ddi—i dd\—\ 

-DCiiCiiy— 0215--^ 3C2iy— 0226'—} 3C22l/— } , 

dy dg dy dg dy 

Having all these expressions one can demonstrate how the cancellation of diver- 
gences and nuUification of the beta function work. To imitate the situation in beta 
deformed A/" = 4 SYM theory we take the following expressions for the independent 
coefficient functions dij and aij 

dn = diig-y), (21) 

c^io = do{g + y), 

di-i = d^i{g + y), 

d2i = d2{g'^ + gy + y"^), 

d2o = d_2i9'^ + gy + y'^), 

4i = d^g^ for y = g, 

an = 0, 

^21 = a2g{g-y). 

The explicit form of (iio, c^i-i, (^21 and ^20 is not essential. What is important they 
do not vanish aX y = g. For ^31 we only need its value at y = g. Eg. (12 II) means that 
for the chiral propagator the UV divergence disappears ioi y = g in the one loop 
order, but it does not disappear in two and three loops (in the real beta deformed 
A/" = 4 SYM theory in the planar limit it disappears in 1, 2 and 3 loops [7] but 
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does not disappear in 4 and 5 loops [5J)). At the same time the gauge beta function 
identically vanishes in one loop and vanishes in two loops for y = g (in the real beta 
deformed A/" = 4 SYM theory it vanishes up to 4 loops for y = g). 

Given eg. (1211) one can find the remained coefficient functions. They are 

022 = 0, (22) 

Cll = diiy-g), 

C21 = -d2ig'^ + gy + y'^) - dodi{y + g){y - g) -3dodiy{y - g), 

C22 = d22 = -d\{y - g){Ay - g), 

C31 = -d^g'^ + 15(io(i2fi'^ for y = g, 

C32 = -2d2diy{y'^ + yg + g"^) - d2di{y - g){3y'^ + 2yg + g^) +2/3a2dig'^{y - g) 

- dldoiy-g)i20y'-Ayg-g^), 

d32 = -d2diy{g'^ + gy + y'^) - d2di{y - g){5y^ + 3gy + g"^) + l/3a2dig'^{y - g) 
-dldo{y-g)iW-2gy-l/2g^), 

C33 = -ds3 = ]:dliy-g)i28y^-20yg + g^). 
o 

Now one can calculate the anomalous dimension 7 according to eq. (fT2l) 

j = di{y-g)~2d2 {g^ + yg + y^) - 2d^di {y - g) {Ay + g)- Sd^g' + 45^0^2^?' + • • • (23) 

Vanishing of 7 can be achieved if one chooses the renormalized Yukawa coupling y 
in the form of perturbative expansion over g (see eqE])) 

2/|.=o = ^? + 4V + 4V + ... (24) 
The requirement of vanishing of 7 gives 

tti"'' = 6(^2/^1, 0*2^ = 3{d^/di + 12d\/d\ + 5dQd2/di). 

So, one has 

1 do o / d^ dji, dndo .0 , , 

y\e=o = g + + 3(^ + 12^ + 5-^)^7^ + ... (25) 

If eq. fl25|) is fulfilled then the anomalous dimension (and the beta function) van- 
ishes up to three loops and one has conformal invariance. Since we claim that 
conformal invariance in this context is synonym to finiteness, let us check the can- 
cellation of UV divergences. As was explained above we will need eq.f l24p for e 7^ 

y = g{l + ««e + + ...)+ g\af^ + a«e + ...)+ g\af + ...). (26) 

Notice that in the third order of PT the one should take into account all terms of 
the double expansion with the total power oi g ■ e equal 3. 
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Substituting eq. (l26l) into ffTTl) one gets the remained coefficients 



,(1) _ 9^ (2) _ 2 4^ p^d^ 2a2d2 dod2. 



(1) _ 2 ^3 202(^2 ,p.'^0'^2^ 



With this choice of coefficients all the pole terms in cancel. Notice that if a^^'' 
is responsible for the cancellation of the two-loop anomalous dimension, both af*^ 
and ag^^ are needed to cancel the 1/e term in two loops. They also cancel the 
term in three loops. Indeed, taking into account fl26|) it takes the form 

^ I I '^'^33 I (1) , dC22, (0) r c , , , 3 ,3/ n\d2 , 3 ,2c'^2-, 3 

^ : Cs2\y=g + y-j^\y=gay +y-^\y=ga\ = [-6d2di + -d^{-2)-^ + -d^6—\g = 0. 

Similarly, a^^ is needed to cancel the three loop anomalous dimension and all 
three 0:2°'', and a'o'^ terms are used to cancel the 1/e term in three loops. 

Consider now the chiral propagator (ITOl) and substitute our values of the coeffi- 
cients dij. One has for the singular part 

n ^ 2 r N 1 , di{gB - Vb) 1 

Db{p ,9B,hB) = 1 + (28) 

^ f dlivB - gB){^yB - gs) ^ d2{gl + gsyB + yl)\ 1 



^2^2 e J (p2)2e 

f -dljyB - 9B){2Syl - 20yBgB + g|) -c^2^i1/b(i/| + + 

1, 6^3 ^ £2 

-d2di{yB - 9B)i5yl + 3|/b5^b + g'l) + ^/3a2dig%{yB - Qb) 
-djdoiyB - 9B){lOy% - 2yB^B - 1/2^|) ^ rfg^l^ 1 



£2 £ y (p2)3e 

To get the cancellation of divergences in each order of perturbation theory one again 
has to choose the Yukawa coupling in a proper way in the form of e expansion 

yB = gB{l + al^^e + af^e^ + ...) . (29) 

Substituting this expansion into (l28l) and requiring the cancellation of divergencies 
one gets for 0"^^ and 0"^^ the same values as above fl27|) . Contrary to the nullification 
of the anomalous dimension where the cancellation takes place between the lower and 
higher orders of PT, here the cancellation takes place within the same order between 
the higher and lower order pole terms. However, these two procedures are related 
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since the higher order poles are given via RG pole equations by the lowest order 
expressions (see eq. ffTSl) ). Notice that the condition ys = Qb cancels the leading 
poles in all orders, the condition ub = gsi^ + ctg^'^e) cancels subleading poles in all 
orders, and the condition i/b = gB{^ + <y'o^ £ + (y'o^ e"^) cancels the subsubleading poles. 
In our case by the choice of a^Q^ we cancel 1/e term in two loops and simultaneously 
term in three loops. The a^'^ term cancels the 1/e term in three loops. So, one 

has 

= - + ^(^ + ^ - ^ + -^)e + ...). (30) 

If this conditions are satisfied then all divergences cancel and the theory is finite up 
to three loops. Further loops require new terms in eq. flSUl) . 



4 Beta Deformed N=4 SYM Theory in 4 Loops 



Consider now the beta deformed A/" = 4 SYM theory. It is given by the action [5J 



where the superfield strength tensor Wa = D'^{e~^^ D^e^^) and $j with i = 1,2,3 
are the three chiral superfields of the original A/" = 4 SYM theory in adjoint repre- 
sentation of the gauge group; h and are complex numbers and g is the real gauge 
coupling constant. In the undeformed Af = 4 SYM theory one has h = g and q = 1- 
In the present case it is useful to define the couplings 



The goal is to study the conditions that in the planar limit (large of SU{N)) 
the couplings hi and /i| have to satisfy in order to get conformal invariance of the 
theory for complex values of h and (3. Explicit calculation gives the following values 
for the coefficient functions of the renormalization constant in notation of the 
previous section [5] (For simplicity everywhere only the difference between the beta 
deformed and undeformed J\f = 4 SYM theory is considered [7] ) 




(31) 



hi = hq, h2 = h/q, h\ = hihi, h\ = /i2/i2- 



(32) 



Cnk = Kk{hl, hi, g^) - {2g^) 



n = 1..3, k = 1..3, 



(33) 
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where the functions Fnk satisfy 

F,,,{hl + hl = 2g') = {2gY. 
Eg. (1551) can be also rewritten as 

Cnk = {hj + hl- 2g^)Pnk{hi, hj, 2g^), n = 



1..3,fc = 1..3, 



(34) 



where Pnk is a homogeneous polynomial of the order n — 1. 
For n = 4 one has 



C4i 
C41 



il-2g')P,,{hlhl,2g'), i^l 



(35) 
(36) 



[hi + Ki 

{hi + hl- 2g')P,,{hl, hi, 2/) + G,,{hl, hi, 2/) 

where G4i{hl, hl,2g'^) is a homogeneous polynomial of the fourth order that does 
not vanish at h\ + hl = 2g'^. The latter contribution comes from the four loop chiral 
graph [5] (see FigH]). This graph has no divergent subgraphs and, therefore, has 
only primitive divergence. 



52 
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Figure 1: The only relevant divergent planar supergraph and its scalar counterpart 
at four loops 



Explicit form of Cn and C41 is 



Cll 



C41 



^ (27r)2 

-C(5)^ 
2^^^\2'af 



){hl + hl-2g^) = d,{h, + hl-2g^) 

[{hi + hiY - {2gr + {hi - h-r] 



d,[{hl + hlY-{2g'Y+{hl-hl 



(37) 



(3^ 



Hereafter the chiral-gauge contributions proportional to hi + hi — 2g^ are 

omitted. 

According to the recipe of the previous section one can now construct a conformal 
and finite theory choosing the renormalized couplings in the form of a double series 
of the fourth order 



hi 
hi 



g\a + afe^) + g'afe^ + g'^afe + g^af 



4^(2) 9 



if. 



(39) 
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Now, from the requirement of vanishing of anomalous dimension 7 = Cn + 2c2i + 
3c3i + 4c4i = 0, one finds 

1 loop : a + b = 2, (40) 

4 loops : af + /?f ^ = ^ = zli^^^, 

where hereafter G41 means that one has to take G41 at h\ + h\ = 2g'^. 

(3) (3) 

To get Oq and /3o one has to consider the bare propagator. Since the only 
nontrivial graph giving contribution to G41 has no divergent subgraphs the essential 
singular part of the bare propagator is 

D41 = — G41. 

Therefore, the condition for its cancellation is 

This gives 



«Sn/?f = ^. (41) 



The value of P44 can be calculated from the pole equations: P44 = 9dfg^, so that 

af'+4" = m^. (42) 

To reach total finiteness one can use the remaining parameters. From the re- 
quirement that = 1 in four loops one gets 

G4i + rfi/(af ) + P22/(4'^+/3i'^)+P33/(aP^+/3P) + P44/(«^^^ 

(43) 

This is one equation for two pairs of parameters. However, the same parameters 
are responsible for the cancellation of the second order pole in five loops. The fifth 
order coefficients are 

C5. = {hl + hl-2g^)P,,{hlhl2g^), ^ = 3,4,5, (44) 

C5i = {hi + hi -2g^)P,,ihlhl2g^) + G,,{hlhl2g^), 1 = 1,2 



Having in mind expansion fl39|) the second order pole takes the form 
G,2 + p229\af^+/3S'^) + p339%a^U(3i'^) + Pug\a?^+f3['^) + h^^^ 

(45) 
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The coefficient functions P22, -P33, -P44, -P55 and G52 can be found from the pole equa- 
tions that gives 

P22 = ^d\g\ P33 = Qdlg\ P44 = 9c/^(7^ P55 = ^4^\g\ G52 = '^d^G^ig^ 

5 5 

Substituting these values into ( H3|45l) and taking into account eqs.( H0f^2l) one gets 



2 (g - hYd2 
"3 



a^'+P? = 2^^^. (46) 

Provided eqs. (I40|42ll46p and (139!) are satisfied one has totally consistent finite and 
conformally invariant theory (up to four loops) parameterized by two parameters a 
and h related by one condition a + h = 2. Apparently the mechanism will work in 
any loop order irrespectively of the explicit form of divergent terms. Looking back 
to the analysis of divergent structures in Ref.[5] one finds that new chiral graphs 
always give contribution proportional to {h\ — h\Y, so that the compensating terms 
of expansion will be always proportional to (a — hY as above. 

In Ref. O E] it was claimed that the only reliable solution is a = 6 = 1. Other- 
wise one can not reach both the finiteness and conformal invariance simultaneously. 
We see that this statement is a result of mistreatment of dimensional regularization 
(reduction) in the process of cancellation of divergences: the authors of [5l [6] con- 
sidered only the one fold expansion instead of two fold one (!39|) . For the correct 
implementation of the procedure a is arbitrary and h = 2 — a. In fact, as one can see 
above, the requirement of cancellation of divergences always defines only the sum of 
a's and /5's, thus allowing the whole family of solutions 

hl + hl = hh{qq + l/qq) (47) 

= {2 + ^C5^v + \c.s\^)s^ + ^c.n'^?s + m.s\'^f + ..] , 

where we denoted a — h = 5. For the bare couplings one has 

h\\B + hl\B = gl {2 + ^C55V + ...} . (48) 

This permits, in particular, the value of |g| 7^ 1, thus allowing one to obtain a 
complex deformation of the A/" = 4 SYM theory with arbitrary complex (3. 

5 Conclusion 

We conclude that properly treated [3 deformed A/" = 4 SYM theory can be made 
simultaneously conformal invariant and finite since these two requirements are iden- 
tical. This can be achieved by adjusting the Yukawa couplings order by order in PT. 
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In the framework of dimensional regularization (reduction) this requires the double 
series over the gauge coupling g and the parameter of dimensional regularization e. 
For the bare coupling, on the contrary, only the one fold series over e is enough. The 
whole procedure depends on regularization (for bare quantities) and renormalization 
scheme (for the renormalized ones). In the other regularization techniques it looks 
differently but the main conclusion remains the same. 

The analysed (3 deformed SYM theory represents the whole class of conformal 
M = 1 SYM theories in four dimensions. They can be constructed by the same 
mechanism of adjustment of the corresponding Yukawa couplings. This adjustment 
has to be done order by order in PT. At the moment there is no any theory (except 
for A/" = 4 and M = 2 SYM ones) for which the all loop solution is known. These 
theories may as well have a dual description in the framework of supergravities within 
the AdS/CFT correspondence, though the proper backgrounds are not found but 
few steps in this direction have been made (see for example [18], |19j). 
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